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Microtubules are protein ﬁlaments that exist universally in
eukaryotic cells. Together with microﬁlaments and intermediate
ﬁlaments, they make up the whole cytoskeleton, which has speciﬁc
biophysical functions and mechanical properties required for nor-
mal growth and maintaining the cell shape. The mechanical behav-
ior of cytoskeleton is primarily governed by microtubules, the most
rigid component of the cytoskeleton in eukaryotic cells (Alberts,
1994). For a long time, researchers have attempted to unfold its
subtle mechanical properties and behavioral mechanism through
various methods, including experimental tests and theoretical
analyses, but have still been unable to ﬁnd an efﬁcient way to deal
with this problem with sufﬁcient efﬁciency and accuracy.
Microtubules are frequently subjected to pressure. Rod-like
buckling occurs in many cases under critical pressure, under differ-
ent boundary restrictions. In early years, laboratory tests served as
major possible approaches to investigate the microtubule
(Fygenson et al., 1997; Kurachi et al., 1995; Odde et al., 1999;
Wang et al., 2001). The elastic properties and ﬂexural rigidity have
been experimentally investigated by direct measurement of buck-
ling by some researchers (Gittes et al., 1992; Kurachi et al., 1995;
Mizushimasugano et al., 1983; Venier et al., 1994). However, test
results lack consistency to some degree and are scattered over all rights reserved.
+852 27887612.wide range. The measurements are difﬁcult in nanoscale and
may not accurately capture the mechanical properties of individual
microtubules due to the need for very precise instruments and
manipulation. Along with these experimental measurements, var-
ious theoretical attempts, including atomic-based methods and
continuum methods, have also been made in theoretical studies
(Jiang and Zhang, 2008; Li et al., 2006; Molodtsov et al., 2005; Qian
et al., 2007; Wang et al., 2006a,b). Atomic-based methods, such as
molecular static and dynamic, are capable of predicting various
material mechanisms such as fracture, dislocation nucleation and
propagation (Liew et al., 2004a,b; Liu et al., 2010). However, atom-
istic simulation depends much on computational resources, and it
also has time and size limitations. In this sense, some continuum
based methods have many advantages in dealing with large atomic
structures (He et al., 2005; Lim, 2010; Wang et al., 2006a). How-
ever, conventional continuum based mechanical models do not
contain fundamental atomic scale information. To study sufﬁ-
ciently long microtubules, the billions of atoms constitute a huge
obstacle for traditional molecular dynamics (MD) approaches. At
the same time, the conventional continuum mechanical model is
unable to incorporate atomistic interaction within material prop-
erties and capture the microscale physical laws of nanostructures.
Thus, it can only give one-sided descriptions of atomic structures.
Another alternative method that emerged for bridging the scale
between atomic simulation and the continuum method is the
atomistic-continuum method, which is a viable means of studying
materials and systems with high efﬁciency and adequate accuracy.
In atomistic-continuum method, material properties and
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has the ability to overcome computational size limitations without
losing inter-atomic information. There have been several attempts
to establish atomistic-continuum based theories or quasi-contin-
uum theories (De and Aluru, 2006; Qian et al., 2004; Sun and Liew,
2008a,b, 2010; Zhang et al., 2005). Tadmor et al. (1996), Miller
et al. (1998) and Shenoy et al. (1998) have proposed quasi-contin-
uum models to connect atomic simulations with continuum
mechanics. Chandraseker et al. (2007, 2009) proposed an atomis-
tic-continuum cosserat rod model of carbon nanotubes. Jiang
et al. (2008) suggested a one-dimensional model for microtubules
and predicted their elastic properties. One of the most remarkable
continuum methods involves the construction of a ﬁnite deforma-
tion continuum theory using the Cauchy–Born rule. However, the
constitutive model based on the standard Cauchy–Born rule does
not describe inhomogeneous deformation (Chandraseker et al.,
2006; Guo et al., 2006; Zhang et al., 2005). The numerical compu-
tation reveals that the shortcoming can be made up by taking into
consideration the second-order deformation gradient; a few mesh-
free nodes can provide good simulation results. Despite the variety
of atomistic-continuum approaches currently available, no single
approach is appropriate for typical macromolecular structures,
i.e. microtubules. This has attracted the attention of our group,
and has inspired this research.
In order to reach an understanding of the mechanical behavior
of microtubules and achieve high computational efﬁciency while
ensuring adequate accuracy, we view microtubules in an atomis-
tic-continuumway. The method is applied to investigate the elastic
properties and the global buckling behavior. To deal with large
quantities of different types of atoms, a ﬁctitious bond vector is
used to evaluate the inter-atomic energy. The inter-atomic energy
between sub-components of microtubules is estimated by adopt-
ing a homogenization technique and it is ﬁnally concentrated to
the ﬁctitious bonds. A higher-order continuum constitutive model
is established and embedded with a mesh-free framework for
numerical studies. During the deformation, the ﬁctitious bond vec-
tor is approximated using a higher-order Cauchy–Born rule. Criti-
cal compressive force is predicted for single microtubules under
a mesh-free numerical scheme. Some results are derived and
discussed.2. Atomic interaction and continuum description
2.1. Microscale structure and continuum description
Global buckling behavior of microtubules is primarily governed
by longitudinal mechanical properties characterized by protoﬁla-
ments. The atomistic-continuum method is developed with the in-
tent to bridge the scale of atomic level and the continuummodel in
longitudinal direction. To study microtubules, the atomic interac-
tion among the sub-components is of great importance. When
using conventional atomistic-continuum modeling, large quanti-
ties and various types of atoms in microtubules pose great difﬁcul-
ties for evaluation of the inter-atomic energy. It is almost
impractical to evaluate inter-atomic energy stored between sub-
components by exactly summing all atom pairs. To evaluate the
atomic interaction within the large atomic system, an alternate
method based on a homogenization technique is used in practice
(Jiang et al., 2008). Without tracing different types of individual
atoms, the quantity of each type of atom in sub-components of
protoﬁlaments is replaced by a product of volume density and
the space it occupies. Then, the total energy is derived from an
integration procedure.
Microtubules are the typical macromolecular bio-system where
atomic components, micro-structure and mechanical interactionsare more intricate and complicated than mono-type atom
nano-structures, such as carbon nanotubes. In order to derive the
homogenized energy, a cylindrical shape should be considered to
deﬁne the volume occupied by the sub-components. A microtubule
appears like a cylindrical hollow tube made up of protoﬁlaments
gathered together in parallel to each other along the circumferen-
tial direction (Fig. 1a). Typically a microtubule is composed of 13
protoﬁlaments, and it often has an inner diameter of 15.4 nm
and an outer diameter of 25 nm. Protoﬁlaments are thin bio-poly-
mers made up of a  b tubulin heterodimers arrayed in a single
line. The a tubulin and b tubulin proteins are connected alternately
by guanosin molecules along the whole protoﬁlament. Each tubu-
lin (a or b tubulin) molecule has 400 residues consisting of 8000
atoms, with each type of atom being distributed evenly across
the whole structure. As a tubulin monomer has the appearance
of a spatial spheroid and has very complicated atomic components
with different kinds of chemical elements and thousands of atoms,
it is unrealistic to precisely determine the interactions between
every pair of atoms. Due to their compact structure, we model
the tubulin monomers and guanosine molecules as spatial spher-
oids with strictly deﬁned and homogenized volume densities for
chemical elements that correspond to the real chemical composi-
tion of microtubules. The established model for a protoﬁlament
is shown schematically in Fig. 1b.
Homogenization of various types of atoms in tubulin and gua-
nosine molecules leads to a new feasible approach for evaluating
the inter-atomic potential of microtubules (Jiang et al., 2008). By
treating guanosine molecules as spheroids smaller than tubulin
monomers, the protoﬁlaments can be modeled as chains due to
the periodic structure of the tubulin-guanosine-tubulin heterodi-
mers. A microtubule is then considered as several spheroid chains
linked together in a cylindrical fashion. The volumes of the mod-
eled spheroids of the tubulin and guanosine molecules can be ob-
tained as Vt ¼ 4pr3t =3 nm3 and VG ¼ 4pr3G=3 nm3, where rt and rG
are the radii and Vt and VG the volumes of the tubulin monomer
and guanosine molecule, respectively. Volume density q of each
type of element in the spheroid is deﬁned as the total number of
atoms divided by the volume of the spheroid.
In the continuum model, the corresponding part of a protoﬁla-
ment in an undeformed microtubule, which is made up of 13 pro-
toﬁlaments, is one thirteenth of the cylindrical tube. A review of
literature indicates that microtubules appear as spatial ring cycles
with an inner radius of 7.7 nm and an outer radius of 12.5 nm in
the cross section. The tubular continuum model of a microtubule
thus has the correspondingly equivalent inner and outer radii in
the cross section. A wall thickness of 4.8 nm is thus adopted, and
the cross section area ACS is calculated as ACS = p(R2  r2), where
R is the outer radius and r is the inner radius of the microtubule.
In the continuum model, the volume of a representative unit Vce
is derived from the volume of space that a tubulin monomer Vct
and a guanosine molecule VcG occupy. Because the wall of the
microtubule is continuous, the volume of space that a single tubu-
lin monomer and guanosine molecule occupy can be calculated as:
Vct ¼ pðR
2  r2ÞLt
n
; VcG ¼ pðR
2  r2ÞLG
n
; Vce ¼ ðVct þ VcGÞ=2;
ð1Þ
where n is the total number of protoﬁlaments in the microtubule, Lt
is the diameter of the tubulin monomer, and LG is the diameter of
the guanosine molecule.
2.2. Evaluation of the inter-atomic energy
In the proposed model, spheroids are connected by weak non-
covalent bonding energy consisting of van der Waals interactions
Fig. 1. Homogenized model of the microtubule: (a) Structure of a microtubule and its subunits, (b) a homogenized model for a fraction of protoﬁlaments.
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considering the van der Waals interaction between a pair of atoms.
The inter-atomic potential of a pair of atoms can be expressed as:
Ev ¼ 4eij
r12ij
R^12ij
 r
6
ij
R^6ij
 !
; ð2Þ
where Ev is the inter-atomic energy that stems from the van der
Waals interactions, R^ is the interaction length, which is equal to
the spatial distance between atom i and atom j, and eij and rij are
the parameters for certain pairs of atoms distributed among
adjacent spheroids. Values of eij and rij vary between different pairs
of atoms (Cornell et al., 1995; Jiang et al., 2008).
In the computation, a spherical coordinate system is adopted for
a round spatial spheroid. In homogenization, large numbers of dif-
ferent types of atoms are replaced by speciﬁc volume densities
without loss of atomic information. For a speciﬁc pair of atoms of
type i in spheroid I and type j in spheroid II, the interaction poten-
tial can be determined from the van der Waals interaction. Spher-
oid I and spheroid II can be either a tubulin monomer or a
guanosine molecule. For each monomer, a local spherical coordi-
nate system is created at the central point for evaluation of the
spatial distance.
We deﬁne wij as the interaction between single atoms i and j in
adjacent spheroids. wij is a function of R^ such that wijðR^Þ depends
on atoms of types i and j and the mutual distance R^. The total en-
ergy WijðR^Þ between atom i and atom j stored in pairs of spheroids
is then calculated for the whole spheroid by an integration process.
For a pair of tubulin monomer and guanosine molecule the total
energy can be expressed as:
WijðR^Þ ¼
Z
XI
Z
XII
wijðR^ÞqIiqIIjdVIdV II; ð3Þ
which further gives:
WijðR^Þ ¼
Z
XI
Z
XII
4eij
r12ij
R^12ij
 r
6
ij
R^6ij
 !
qIiqIIjdVIdVII: ð4ÞThen, the total energy stored in the ﬁctitious bond between neigh-
boring spheroids is the sum of all types of pairs of atoms, which can
be expressed as:
q12 ¼
X6
i¼1
X6
j¼1
Z
XI
Z
XII
wij R^IiIIj
 
qIidVIqIIjdVII; ð5Þ
q12 ¼
X6
i¼1
X6
j¼1
Z
XI
Z
XII
qIiqIIj
eij wij
 12
R^12IiIIj

2eij wij
 6
R^6IiIIj
0
B@
1
CAdVIdVII; ð6Þ
where qIi is the volume density of atom type i in a tubulin monomer
(the subscript i ranges from 1 to 5 to represent speciﬁc atoms of C,
H, O, N, and S); qIIj is the volume density of atom type j in a guano-
sine molecule (subscript j ranges from 1 to 5 to represent speciﬁc
atoms of C, H, O, N, and P); and R^IiIIj is the distance between the vol-
ume element of atom i in spheroid I and the volume element of
atom j in spheroid II.
Since a protoﬁlament can be constructed by adding duplicated
sub-components, a a  b heterodimer is selected as a representa-
tive (Fig. 1) composed of a pair of tubulin monomers and a guano-
sine molecular in the longitudinal direction. These three spheroids
(two tubulin monomers and a guanosine molecule) are named
spheroid I, spheroid II and spheroid III. Correspondingly, we term
the ﬁctitious bonding energy stored in neighboring spheroids as
q12 and q23. The total energy qtotal stored in the representative vol-
ume is then calculated as qtotal = (q12 + q23)/2. After deriving the
expression for the total energy qtotal, an initial equilibrium state
is found by optimizing and minimizing energy density qtotal/Vce in
a representative cell. After the minimization procedure, the
equilibrium length of the ﬁctitious bond is found and the initial
equilibrium state is determined. Since the elastic property of
microtubules is determined by interactions along protoﬁlaments,
the elastic modulus is obtained as the tangential value at this
initial equilibrium stage.
The elastic modulus is computed. The spheroid model for a
tubulin monomer has a diameter of 4.8 nm and that for a guano-
sine molecule it has a diameter of 0.55 nm (Jiang et al., 2008).
Fig. 2. Atomistic-continuum model for axial compression to predict the critical
compressive force. Material properties are deﬁned by incorporating the ﬁctitious
bond energy, and energy integration in the mesh-free scheme is performed along
the continuum body.
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Vt = 57.90 nm3 and VG = 0.08711 nm3, respectively. Volume density
is calculated and shown in Table 1. The equilibrium state is deter-
mined by minimizing the strain energy density in a representative
unit. After this process, the equilibrium distance between guano-
sine molecules and tubulin monomers in the longitudinal direction
are obtained. The results show that the equilibrium ﬁctitious bond
length in the longitudinal direction is 2.903 nm, and elastic modu-
lus El is 1.85 GPa. It has been reported that the elastic modulus is in
the range of 1– 2.55 GPa (Jiang et al., 2008). Numerical results
show that the elastic modulus obtained from the atomistic-contin-
uum model match the experimental and theoretical values well.
3. Higher-order gradient continuum mesh-free framework
3.1. Constitutive model based on a higher-order Cauchy–Born rule
Based on the method proposed to evaluate the inter-atomic
reaction along protoﬁlaments, a higher-order gradient continuum
constitutive model is derived which incorporates a higher-order
Cauchy–Born rule, to lay the groundwork for the mesh-free
framework.
The ﬁctitious bond deforms during the loading process. The
Cauchy–Born rule enables approximation of deformation of inﬁni-
tesimal lattice vector with kinematic description of the continuum
ﬁeld. In general, the standard Cauchy–Born rule describes defor-
mation of lattice vectors as:
r  FðXÞ  R; ð7Þ
where R denotes the undeformed lattice vector, r represents the
corresponding deformed lattice vector, and F(X) is the deformation
gradient. Application of the standard Cauchy–Born rule requires
sufﬁciently homogeneous deformations, and it does not describe
the bending effect. In order to ensure more precise approximation
under external loading condition, the higher-order continuum the-
ory based on the higher-order Cauchy–Born rule is used to approx-
imate ﬁctitious bond vectors between microtubule sub-components
as:
r  FðXÞ  ðRÞ þ GðXÞ : ðR  RÞ
2!
; ð8Þ
where F(X) and G(X) are the ﬁrst- and second-order deformation
gradients, respectively. Accuracy of approximation of deformed vec-
tors is greatly enhanced by inclusion of second-order deformation
gradients, which results in a more reasonable prediction.
To determine the constitutive response at a given point, a rep-
resentative cell is chosen (Fig. 1). Deformation of the ﬁctitious
bond vector between tubulins is evaluated using the higher-order
Cauchy–Born rule. The strain energy density W0 is denoted as the
energy per-unit volume. With the strain energy density deﬁned,
the ﬁrst-order Piola–Kirchhoff stress tensor P and higher-order
stress tensor Q are given by
P ¼ oW0
oF
; Q ¼ oW0
oG
: ð9Þ
whereW0 is the strain energy density determined by ﬁctitious bond
vectors emanating from an evaluation point. Tangential moduli are
given byTable 1
Homogenized volume density of the tubulin monomer and GDP molecule.
q/(nm3) C H N O S P
Tubulin 37.41 72.78 9.860 18.53 0.7771 –
GDP 114.8 172.2 57.40 126.3 – 22.96MFF ¼ o
2W0
oF oF ; MFG ¼
o2W0
oF oG ;
MGF ¼ o
2W0
oG oF ; MGG ¼
o2W0
oG oG ; ð10Þ
F ¼ Fþ ~F; G ¼ Gþ ~G; ð11Þ
where F and G are the ﬁrst- and second-order deformation gradi-
ents for certain deformation states, F and G are deformation gradi-
ents at the initial equilibrium state when no loading is applied, and
~F and ~G are deformation gradients based on undeformed conﬁgura-
tion during the loading process.
3.2. Higher-order gradient continuum mesh-free scheme
Mesh-free approximation has advantages that automatically
satisfy the higher-order derivatives continuum. The mesh-free
framework will naturally ﬁt the higher-order continuum constitu-
tive relationship derived on the basis of the higher-order Cauchy–
Born rule. Given a microtubule with a length of l in longitudinal
direction, the cross section is made up of 13 protoﬁlaments. The
elastic modulus is determined based on the optimized ﬁctitious
bond energy, and the ﬂexural rigidity is determined by considering
the hollow circular section. The problem domain is discretized by a
set of uniformly scattered mesh-free nodes along the microtubule.
The continuum displacement at calculation points are approxi-
mated by moving least-square approximation in the present study.
Deformation from the initial conﬁguration to the deformed micro-
tubule (denoted as u) under axis loading condition can be deter-
mined through mesh-free simulation. The stable conﬁgurations
of the system are identiﬁed with the equilibrium ﬁctitious bond
length and minimization of the total potential energy. At the same
time, trial deformation u must satisfy the essential boundary
condition.
In this work, the system energy is expressed in general as:
P ¼ PX þPEX ; ð12Þ
whereP is the system energy,PX is the energy stored in the micro-
tubule, andPEX is the total work done by external forces. During the
loading step, P is a function of deformation gradients in the prob-
lem domain. Deformation gradients’ tensors F and G completely
determine deformation of the ﬁctitious bond and are decisive fac-
tors in determining the system energy:
PðF;GÞ ¼
Z
X
WðF;GÞdV 
Z
oX
P  udS; ð13Þ
where P is the external force applied to the microtubule at a given
loading situation. In the compressive force test, force P is applied at
microtubule ends along the longitudinal direction.
The moving least-square (MLS) approximation (Belytschko
et al., 1994; Sun and Liew, 2008c) is adopted to construct the shape
function in the present study, which takes advantage of mesh-
free methods and automatically satisﬁes the requirement of
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ables uh(X) of the calculation point in sub-domain X can be
approximated by
uhðXÞ ¼
Xm
i¼1
giðXÞaiðXÞ ¼ gTðXÞaðXÞ; ð14Þ
where gT(X) is the monomial basis, expressed as gTðXÞ ¼
½g1ðXÞg2ðXÞ . . . gmðXÞ,m is the number of terms in the basis; polyno-
mial base with m = 3.0 is adopted in this work. a(X) is a coefﬁcient
vector with components of ai(X), with i = 1, 2, . . . ,m. Unknown ele-
ments ai(X) in Eq. (14) are moving variables with no explicit expres-
sions for calculation points, and can be determined by minimization
of the weighted discrete L2 norm as:
J ¼
XNP
I¼1
xðX XIÞ gTðXIÞaðXÞ  uI
 2
; ð15Þ
where x(X  XI) is the weight function with compact support de-
ﬁned by the scale factor, uI is the variable value of nodes in the com-
pact support and NP is the number of nodes in the compact support
domain with x(X  XI) > 0.
The trial displacements are related to the undeformed microtu-
bule, and the ﬁrst- and second-order gradients, can be approxi-
mated as:
u ¼
XN
i¼1
uiu^; F ¼
XN
i¼1
ui;Xu^; G ¼
XN
i¼1
ui;XXu^; ð16Þ
where ui;ui;X , and ui;XX are the mesh-free shape function and its
ﬁrst and second-order derivatives, respectively. Inserting the
approximations into the total potential equation and differentiating
the expression with respect to u^ gives:
oPðF;GÞ
ou^
¼
Z
XC
P
oF
ou^
þ Q oG
ou^
 
dV 
Z
oXC
P  ouðXÞ
ou^
dS: ð17Þ
The stiffness matrix can then be derived through:
o2PðF;GÞ
ou^2
¼
Z
XC
oF
ou^
 T
MFF
oF
ou^
þ oG
ou^
 T
MFG
oF
ou^
þ oG
ou^
 T
MGG
oG
ou^
 !
dS:
ð18Þ
The stable state of the structure is determined by iteratively solving
the incremental equations using the nonequilibrium force and the
global stiffness matrix at each iterative step. The Newton–Raphson
method is the iterative algorithm used to ﬁnd a stable equilibrium
state during loading steps. Displacement values at mesh-free nodes
are achieved and trial u is approximated for the overall deformed
conﬁguration. As the pressure increases, the equilibrium becomes
unstable and buckling occurs. This critical state is governed by
dP ¼ 0; d2P 6 0: ð19Þ
The established mesh-free method is used to predict the critical
compressive force. The method is expected to predict elastic prop-
erties by minimizing the system energy, reveal buckling deforma-
tions of microtubules and allow comprehensive exploration of the
buckling mechanism. The numerical simulations are compared with
experimental observations to adequately understand the loading
mechanism and the buckling phenomenon.
4. Global buckling of microtubules
By considering all protoﬁlaments and the interaction relation-
ship between subunits in longitudinal direction, microtubules
can be viewed as cyclically gathered protoﬁlaments that take the
form of thin strips formed by tubulin monomers arrayed in a
vertical line. For studying the global rod-like buckling behavior ofsufﬁciently long microtubules, the hollow cirque cross section is
not considered. Every protoﬁlament is supposed to have the same
longitudinal elastic modulus as well as the whole microtubule,
which is the tangent slope value under initial equilibrium status.
The axial mechanical behavior of a whole microtubule is character-
ized by assembling all protoﬁlaments together and the energy inte-
gration process is implemented on the continuum rod model
(Fig. 2). To discretize the problem domain, mesh-free nodes are
uniformly placed along the microtubule in longitudinal direction.
Bridging scale material properties are governed by the developed
atomistic-continuum constitutive model. Based on the present
mesh-free framework, computational codes are designed for
numerical calculation in this work. To quantitatively evaluate the
overall performance of the numerical process, some cases are
tested for different aspects when evaluating the critical compres-
sive force of microtubules. For microtubules with different lengths
and different numbers of mesh-free nodes, different types of
weight functions and support scale factors are computed. The
numerical results are shown in Figs. 3–5.
This work ﬁrst simulates the axial compression of a single
microtubule with a length of 15 lm. The loading is imposed
step-by-step at one end of the microtubule. In each loading step,
a standard Newton’s method is adopted to achieve nonlinear iter-
ation and to ﬁnd the stable state. Boundary condition with hinge
supports is studied for comparison with experimental results,
and other different boundary conditions beyond the experimental
tests are also applied in numerical works to test the critical com-
pressive load. The exponential weight function is used in the
mesh-free computation, and the node compact support scale factor
is set at 3.0. The computation reveals that 20 mesh-free nodes dis-
tributed evenly along the problem domain in the longitudinal
direction gives good convergence. Numerical results show that
buckling ﬁrst occurs when the compressive force reaches
0.449 pN. The computed critical pressure is then compared with
reference values obtained experimentally and theoretically during
the past decade, which suggests that the critical compressive force
was measured to be 0.4–3.0 pN for microtubules with lengths of
4–28 lm while equivalent hinge supports at two ends are consid-
ered as the boundary condition during experimentation. The
present results fall within the range of reference theoretical values
and measurements taken so far.
The impact of scale factor and the total mesh-free nodes number
on numerical results are evaluated. Results are obtained and sche-
matically shown in Figs. 3 and 4. There are three plots in Fig. 3 show-
ing critical compressive force versus mesh-free nodes number for
microtubules with different boundary restrictions; each plot has
three curves which are distinguished from each other by using dif-
ferent scale factors in mesh-free computing. The three plots in
Fig. 3 seem to have in common the fact that the predicted critical
compressive force converges with increase of the number of
mesh-free nodes used in the approximation, but the convergence
rate varies among different scale factors. Obviously, the computa-
tion with a scale factor 3.0 converges faster than that with a scale
factor2.0. The results canalso showthat a sufﬁciently large scale fac-
tor makes up for the lack of mesh-free nodes, and thus reduce com-
putation time. For certainmesh-free nodes, accuracy increases with
increase of the inﬂuence scale factor. But that does not mean the
more are mesh-free nodes, the better will be the result. Excessive
number ofmesh-free nodeswill lead to oscillation in approximation
and also largely increase computing resources consumption.
Even if the scale factor is ensured, simulation results would still
depend on the total number of mesh-free nodes used in discretiza-
tion. Curves in Fig. 4 show the inﬂuence of the total number of
mesh-free nodes on numerical results of critical compressive force
for a single microtubule with a length scale ranging from 15 to
40 lm.
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Fig. 3. The predicted critical compressive force of a single microtubule versus the number of mesh-free nodes using different scale factors ranging from 2.0 to 3.0.
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ing curves gets smaller as the total number of mesh-free nodes in-
creases. Simulation results converge with the increase of number
of mesh-free nodes; the curves get very close and tend to match to-
gether when the total number of mesh-free nodes exceeds 25. They
are signiﬁcantly apart from the curve when predicted by using 5
mesh-free nodes. From curves in Figs. 3 and 4, it also can be seen
that an insufﬁcient number of mesh-free nodes always overesti-
mates the critical compressive force.
Based on an overall consideration of the inﬂuence of the scale
factor, number of mesh-free nodes and accuracy, a scale factor of
around 3.0 with around 20 mesh-free nodes can ensure a goodconﬁguration in terms of (computation) time efﬁciency and
accuracy. With these properly deﬁned parameter settings, calcu-
lations yield reasonable results in predicting axial critical
pressure. Also, construction of the shape function in MLS approx-
imation plays a key role in mesh-free simulation. The weight
function is optional in construction of MLS shape function. Using
proper parameter settings, performance and inﬂuence of differ-
ent weight functions in MLS approximation are evaluated in this
work. The three curves in Fig. 5 show the dependence of the
critical compressive force on length of microtubules, obtained
by using three different types of weight functions x(X  XI) in
Eq. (15), i.e. exponential weight function (Eq. (20a)), cubic spline
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the critical compressive force for single microtubule with a length scale ranging
from 15 to 40 lm.
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Fig. 5. Numerical results for the critical compressive force of single microtubules
with lengths ranging from 10 to 40 lm. Three different types of weight functions in
mesh-free computing are used for comparison.
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Fig. 6. The curve shows the relationship between the predicted critical compressive
force and microtubule length, formed by connecting point values of simulation
results, and contrasted with experimental measurements. Hollow triangles are
obtained from mesh-free simulation based on the established atomistic-continuum
model for a single microtubule with a length scale ranging from 6 to 20 lm; the
scattered solid diamonds are points measured from experimental tests.
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(Eq. (20c)).
xIðXÞ ¼ xðX XIÞ ¼
Exponential : xðrÞ ¼
er2v2ev2
1ev2 for r 6 1;
0 for r > 1;
(
ð20aÞ
Cubic spline : xðrÞ ¼ 1 6r
2 þ 8r3  3r4 for r 6 1;
0 for r > 1;
(
ð20bÞQuartic spline : xðrÞ¼
2=34r2þ4r3 for r61=2;
4=34rþ4r24r3=3 for 1=26 r61;
0 for r>1;
8><
>:
ð20cÞ
where r = kX  XIk/dsupport, v is the exponential parameter and
dsupport is the scale factor that equals to size of the support.
The three curves are essentially coincident with each other and
can hardly be distinguished, which means inﬂuence of the weight
function type is minor and can be ignored when proper scale factor
and number of mesh-free nodes are used. However, when param-
eter settings are changed with insufﬁcient mesh-free nodes and
improper scale factor, inﬂuence of the weight function type on
the ﬁnal result would be signiﬁcant.
For the comparative study, numerical simulations are carried
out to determine the critical compressive force of a microtubule
with hinge supports at the two ends. A set of experimental values
(Kikumoto et al., 2006) and simulation results of computation of
critical compressive force of microtubules with lengths in the
range of 10–40 lm are shown in Fig. 6. It can be seen that the
experimental values scatter near the simulation curve; the mesh-
free numerical framework is established, and the computing
scheme is stable and reliable. Prediction of critical compressive
force conforms to experimental measurements.5. Conclusion
The present study develops an atomistic-continuum model for
global buckling of microtubules. In the atomistic-continuum ap-
proach, the inter-atomic energy is considered as a material prop-
erty and the structure is solved in a continuum framework.
Based on this model, a higher-order gradient continuum constitu-
tive relationship is derived and a mesh-free numerical framework
suitable for mechanical analysis is established. Unlike other exist-
ing continuum approaches for microtubules, the present model
considers atomic interactions in continuum, ensuring more
P. Xiang, K.M. Liew / International Journal of Solids and Structures 48 (2011) 1730–1737 1737realistic and accurate results. To deal with large quantities of
atoms in proteins, inter-atomic energy is estimated with a homog-
enization technique. Then, a ﬁctitious bond is proposed to stand for
atomic interaction between sub-components. By considering
deformation of the ﬁctitious bond, strain energy density is sche-
matically related with the deformation gradient during the loading
procedure. At the same time, a higher-order Cauchy–Born rule is
employed to approximate deformation of the ﬁctitious bond vector
in the study. With the established atomistic-continuum model, a
mesh-free computing framework is speciﬁcally developed.
The elastic modulus is predicted with the established atomistic-
continuummodel, and global buckling of microtubules under axial
compression is studied intensively. Critical pressure of singular
microtubules in different length scales is predicted. For the pur-
pose of evaluating the established numerical scheme, performance
of mesh-free computing is quantitatively studied. The inﬂuence of
different parameters and optional variables in the mesh-free
framework is tried and discussed. In comparison with other works,
the proposed model is found to be reliable and the mesh-free com-
putational scheme is considered stable. The established theory is
feasible for estimating the elastic modulus of microtubules and is
capable of reﬂecting the mechanical response of microtubules with
different boundary restrictions. The atomistic-continuum model-
ing in this work is proved to be an efﬁcient approach that makes
up for deﬁciencies of traditional atomic simulations and contin-
uum methods used in studying the microtubules.Acknowledgement
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